Steady Homann flow and heat transfer of an electrically conducting second grade fluid  by Sahoo, Bikash & Labropulu, Fotini
Computers and Mathematics with Applications 63 (2012) 1244–1255
Contents lists available at SciVerse ScienceDirect
Computers and Mathematics with Applications
journal homepage: www.elsevier.com/locate/camwa
Steady Homann flow and heat transfer of an electrically conducting
second grade fluid
Bikash Sahoo a,∗, Fotini Labropulu b,1
a Department of Mathematics, National Institute of Technology, Rourkela, Rourkela 769008, India
b Department of Mathematics, Luther College, University of Regina, Regina, SK, Canada
a r t i c l e i n f o
Article history:
Received 21 March 2011
Received in revised form 15 December 2011
Accepted 16 December 2011
Keywords:
Second grade fluid
Stagnation point
Magnetic field
Heat transfer
Finite difference method
a b s t r a c t
The steady axisymmetric flow and heat transfer of an incompressible, electrically
conducting non-Newtonian second grade fluid impinging on a flat plate is investigated.
An external uniform, transverse magnetic field is applied at the surface of the plate.
Similarity transformation is used to reduce the resulting highly nonlinear partial
differential equations into ordinary differential equations. An effective numerical scheme
has been adopted to solve the nonlinear ordinary differential equations. The effects of
non-Newtonian flow parameters and the magnetic field on the momentum and thermal
boundary layers are discussed in detail and shown graphically. It is interesting to find
that the non-Newtonian parameter and the magnetic parameter have opposite effects
on the momentum and thermal boundary layers. The skin friction coefficient decreases
exponentially with an increase in the non-Newtonian viscoelastic parameter and increases
linearly with an increase in the magnetic parameter.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
Both the two dimensional and three dimensional stagnation point flows are classical problems in fluid dynamics and the
analysis of such flows is very important in both theory and practice. From a theoretical point of view, these type of flows
are fundamental in fluid dynamics and forced convective heat transfer. From a practical point of view, these flows have
applications in forced convection cooling processes where a coolant is impinged on a flat plate [1].
The study of the flow near a stagnation point dates back to the beginning of the twentieth century. The solution of the
two-dimensional stagnation point flowwas first given by Hiemenz [2] who demonstrated that the Navier–Stokes equations
governing the flow can be reduced to an ordinary differential equation of third order bymeans of a similarity transformation.
In the absence of an analytical solution, the reduced differential equation is usually solved numerically subject to two point
boundary conditions, one of which is prescribed at infinity. Some care is needed in the solution of the boundary value
problem (BVP) because of the asymptotic boundary condition. Goldstein [3] notes that Hiemenz’s solution can be obtained
without invoking the simplifications of boundary layer theory, that is to say, it does in fact satisfy the full Navier–Stokes
equations and not just the boundary layer equations. Recently, Wang [4] has obtained an exact similarity solution of the
Navier–Stokes equations for the planar and axisymmetric stagnation point flows of a viscous fluid with surface slip, even
without the boundary layer approximations. However, his report reveals that the flows have boundary layer character,
although they are also exact solutions of the Navier–Stokes equations. The problem of stagnation point flow has been
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extended in various ways. The axisymmetric case was studied by Homann [5]. Hiemenz’s solution was later improved upon
by Howarth [6]. Both the two-dimensional and axisymmetric flows were extended to three dimensions by Howarth [7] and
Davey [8]. Yang [9] investigated the two-dimensional unsteady stagnation flow towards a plate. Yang’s work was extended
by Williams [10] for the case of axisymmetric flow, and then by Cheng et al. [11] for the case of a three-dimensional flow.
The three-dimensional stagnation point flow on amoving plate was considered byWang [12], and Libby [13]. Subsequently,
Wang [4,14] has added the aspect of slip boundary condition and investigated the effects of slip on the two-dimensional
and axisymmetric stagnation point flow of a viscous fluid.
All the above mentioned studies deal with flows of Newtonian fluid. The stagnation point flow of different non-
Newtonian fluids are finding increasing applications in industries, and has given impetus to many researchers. Amongst
other applications, the analysis is relevant to the impingement of a non-Newtonian jet on a flat surface. This problem is not
only important because of its technological significance but also in view of the interesting mathematical features presented
by the equations governing the flow and heat transfer.
Srivastava [15] and Sharma [16] have obtained an approximate solution for an axisymmetric flow of a Reiner–Rivlin fluid,
and a viscoelastic fluid near a stagnation point, adopting the Kármán–Pohlhausen method, used for the study of boundary
layer equations in Newtonian fluids. Jain [17] has adopted the collocation method to solve the axisymmetric stagnation
point flow of a Reiner–Rivlin fluid with and without suction. The solution of the BVP due to the two-dimensional and
axisymmetric stagnation point flow of a second order fluid was given by Rajeswari and Rathna [18], using an extension of
the Kármán–Pohlhausen integral approach. They used a linear perturbation analysis to decompose the BVP characterizing
the flow into two BVPs, one for the Newtonian fluid and other for the perturbation due to viscoelasticity. Their solution
aroused considerable interest as one of their conclusions was that the velocity in the boundary layer exceeded its value in
themainstream. The Prandtl Boundary layer theory for the stagnation point flowwas extended by Beard andWalters [19] for
a non-Newtonian viscoelastic Walter’s B’ fluid. They gave its numerical solution using the regular perturbation technique.
Themain limitation of the perturbation technique in general is that it can give the satisfactory solution only for ‘‘sufficiently
small’’ values of the non-Newtonian viscoelastic parameter. Attributing these results to the perturbation analysis, numerous
novel attempts using various techniques were made by Davies [20], Serth [21], Teipel [22], and Ariel [23–25] to solve
the original BVP, arising due to the two-dimensional and axisymmetric stagnation point flows, without making any
restriction on the size of the non-Newtonian parameters. Santra et al. [26] have adopted Runge–Kutta method to solve
the resulting equation due the stagnation point flow of a Newtonian fluid over a lubricated surface. Like the stretching
sheet problems, a typical characteristic of the stagnation point flow of the non-Newtonian second grade and third grade
fluids [27] is that their constitutive equations generate momentum equations, which have terms of derivatives whose
order exceeds the number of available boundary conditions. To make the matter worse, the highest derivative is multiplied
by one of the fluid viscoelastic parameters, making the problem of the singular perturbation type. Yet, in the absence
of any extra boundary condition, it must be treated as a regular perturbation problem. It is only a few decades ago that
successful attempts have been made to compute numerically such boundary layer flows. Serth [21], Tiepel [22], Ariel [24,
28,29], and Labropulu et al. [30] have obtained exact numerical solution of the BVP due to the stagnation point flow
for arbitrary size of the non-Newtonian flow parameters and pointed out the inadequacies of the perturbation method.
They also demonstrated that no extra boundary condition is required for obtaining the solution. It is worth mentioning
that Garg and Rajagopal [31] have successfully augmented a physically relevant extra asymptotic boundary condition to
compute the two-dimensional stagnation point flow and heat transfer of a second grade fluid. Baris and Dokuz [32] have
numerically investigated the three-dimensional stagnation point flow and heat transfer of a second grade fluid towards
a moving plate. They have also used an extra asymptotic boundary condition at infinity. Further, one can refer the works
of Ariel [33], Baris [1], and Renardy [34] regarding the flow and heat transfer of non-Newtonian fluids near a stagnation
point.
The heat transfer rates can be controlled by using a magnetic field. The inclusion of magnetic field in the study of
stagnation point flow has many practical applications, for example, the cooling of turbine blades, where the leading edge
is a stagnation point, or cooling the nose cone of the rocket during re-entry. Magnetohydrodynamics (MHD) may provide a
means of cooling the turbine blade and keeping the structural integrity of the nose cone. Hence, the boundary layer MHD
flows of Newtonian and different non-Newtonian fluids have drawn the attention of many researchers since the past few
decades. Attia [35] has studied the effects of uniform suction and injection on the Homann flow of an electrically conducting
fluid.
Few more curious results which initiated the motivation for the present study are as follows.
In hydromagnetics, the two-dimensional stagnation point flow of a Newtonian fluid was considered by Na [36]. In his
work, he has listed the values of ϕ′′(0) (stress at the wall) at each iteration for various values ofMn, the Hartmann number.
From the theoretical point of view, probably his most important result is that as Mn increases from its value zero, ϕ′′(0)
first decreases up to a certain value of Mn, and then it increases monotonically. This result appears interesting, because
in other flow problems in hydromagnetics, the stress at the wall increases steadily as the Hartmann number is increased.
However, Ariel [37] has reexamined the Hiemenz flow of an incompressible viscous fluid in hydromagnetics and reported
that the values of ϕ′′(0) obtained by Na [36] correspond to another solution of the BVPwhich does not satisfy the asymptotic
boundary condition at infinity. These extraneous solutions were first reported by Nachtsheim and Swigert [38] for the
nonmagnetic case. Ariel [37] suggested a simple modification in Na’s procedure, which eliminated the problem mentioned
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Fig. 1. Schematic diagram of the Homann flow domain.
above. His reported numerical results show that ϕ′′(0) increases steadily asMn is increased from zero. A detailed account of
the above results is given in our work on Hiemenz flow [27].
The difference in the sign of the viscoelastic parameter α1 (see Eq. (1)) can give rise to completely divergent results,
and can be appreciated by considering the flow near a stagnation point (see Ref. [39]), where the author has considered
α1 < 0. Again, while studying the axisymmetric and two-dimensional stagnation point flow of viscoelastic second order
and Walter’s B’ fluids, Tiepel [22,40] and Ariel [23–25,41,42] have reported oscillations in the radial velocity component,
ϕ′(ζ ), which increases with an increase in the viscoelasticity of the fluids. One of the important conclusions of Ariel’s [42]
work is that the cross-viscosity by itself cannot cause oscillations in ϕ′(ζ ), however, it promotes the oscillatory behavior
when the viscoelasticity of the fluid is taken into account. Another interesting finding of the above studies is that the curve
(K , ϕ′′(0)) possesses turning points. The corresponding critical values of the viscoelastic parameter K have been found,
beyond which there exists no solution and dual solutions exist for values of K less than the critical values. However, for
two-dimensional stagnation point flows, Garg and Rajagopal [31], Ariel [28,29] and for three-dimensional stagnation point
flows Baris [1], Baris and Dokuz [32] have not reported neither such oscillations nor the existence of any dual solutions. The
notable work on potential flow of second order fluid over a sphere by Wang and Joseph [43] shows the normal stress at the
surface of the body has contributions from the inertia, viscous and viscoelastic effects.
Keeping the above curious findings in mind, in this work we have considered the steady axisymmetric stagnation point
flow of an incompressible, thermodynamically compatible and electrically conducting second grade fluid.
2. Formulation of the problem
We consider the steady, laminar, axisymmetric flow of a second grade fluid impinging normal to an infinite plate,
coinciding with the plane z = 0 (see Fig. 1). The constitutive equation of the fluid is given by [44]
T = −pI+ µA1 + α1A2 + α2A21 (1)
where −p is the pressure, α1 and α2 are the coefficients of normal stresses. Following [44], in this work we have assumed
µ ≥ 0, α1 ≥ 0, α1 + α2 = 0. A1 and A2 are the first two Rivlin–Ericksen tensors. The motion takes place in the upper half
z > 0. A transverse uniform magnetic field B = (0, 0, B0) is applied at the surface of the plate.
2.1. Flow analysis
Because of the rotational symmetry of the flow, we find it convenient to express the above equations in cylindrical polar
coordinates (r, φ, z). This will result in the azimuthal component v of the velocity vector (u, v, w) to vanish identically, and
also all physical quantities to be independent of φ, which means that ∂
∂φ
≡ 0. Hence, equations of motion and continuity
take the form
ρ

u
∂u
∂r
+ w∂u
∂z

= ∂Trr
∂r
+ ∂Trz
∂z
+ Trr − Tφφ
r
− σB20u, (2)
ρ

u
∂w
∂r
+ w∂w
∂z

= 1
r
∂
∂r
(rTrz)+ ∂Tzz
∂z
, (3)
and
∂u
∂r
+ u
r
+ ∂w
∂z
= 0, (4)
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where σ is the electrical conductivity of the fluid and the non-vanishing physical components Trr , Tφφ, Tzz and Trz of T are
given by
Trr = −p+ 2µ∂u
∂r
+ 2α1

u
∂2u
∂r2
+ w ∂
2u
∂r∂z
+ 2

∂u
∂r
2
+ ∂w
∂r

∂u
∂z
+ ∂w
∂r

+α2

4

∂u
∂r
2
+

∂u
∂z
+ ∂w
∂r
2
, (5)
Tφφ = −p+ 2µur + 2α1

u
r
∂u
∂r
+ w
r
∂u
∂z
+ u
2
r2

+ 4α2 u
2
r2
, (6)
Tzz = −p+ 2µ∂w
∂z
+ 2α1

u
∂2w
∂r∂z
+ w∂
2w
∂z2
+ ∂u
∂z

∂u
∂z
+ ∂w
∂r

+ 2

∂w
∂z
2
+α2

∂u
∂z
+ ∂w
∂r
2
+ 4

∂w
∂z
2
, (7)
Trz = µ

∂u
∂z
+ ∂w
∂r

+ α1

u
∂
∂r
+ w ∂
∂z

∂u
∂z
+ ∂w
∂r

+ ∂u
∂r
∂w
∂r
+ ∂u
∂z
∂w
∂z
+ 3

∂u
∂r
∂u
∂z
+ ∂w
∂r
∂w
∂z

+ 2α2

∂u
∂r
+ ∂w
∂z

∂u
∂z
+ ∂w
∂r

. (8)
The boundary conditions to be satisfied are
z = 0 : u = 0, w = 0,
z →∞ : u → U . (9)
The velocity distribution of the potential (inviscid) flow in the neighborhood of the stagnation point is
U = ar, V = 0, W = −2az, (10)
where a denotes a constant. Using the Bernoulli equation, the corresponding pressure distribution follows as
P0 = P + ρ2 (U
2 +W 2) = P + ρ
2
a2(r2 + 4z2), (11)
where P is the pressure at an arbitrary position, and P0 is the pressure at the stagnation point. Now this inviscid flow satisfies
the Navier–Stokes equations, but not the no-slip condition at the wall. Hence, the velocity field given by Eq. (10) is not an
acceptable solution of the equations of viscous flow. At this point, it is customary to mention that Goldstein [3] has shown
that the solution for such kind of stagnation flow can also be obtained without invoking the no-slip condition at the wall,
that is to say, it does in fact satisfy the full Navier–Stokes equations and not just the boundary layer equations. However, in
the present problem, we have used the no-slip condition. Thus, the problem is reduced to obtain a solution that satisfies the
no-slip boundary conditions and agrees with the outer solution far from the stagnation point.
Hence, in order to satisfy the no-slip condition too, the effect of the viscosity must be taken into account and we seek
a velocity field compatible with the continuity equation (4). For nonmagnetic case, it has been shown by Homann [5] for a
Newtonian fluid, by Jain [17] for a Reiner–Rivlin fluid, by Sharma [39], Tiepel [22] and Ariel [42] for a second order fluid that,
the similarity variables
u = arϕ′(ζ ), w = −2

aµ
ρ
ϕ(ζ ), ζ =

aρ
µ
z, (12)
while satisfying the equation of continuity (4), reduce the appropriate components of Eqs. (2) and (3) to an ordinary
differential equation in ϕ.
Following Ariel [42] and after mathematical simplification, we obtain the following highly non-linear differential
equation in ϕ.
ϕ′′′ + 2ϕϕ′′ + 1− ϕ′2 − 2K(ϕϕiv + ϕ′′2)− L(2ϕ′ϕ′′′ + ϕ′′2)+Mn(1− ϕ′) = 0, (13)
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where K = aα1
µ
, L = aα2
µ
are the dimensionless measure of the non-Newtonian fluid parameters α1 and α2 respectively, and
Mn = σB
2
0
aρ is the magnetic parameter known as the Hartmann number. Eq. (13) is valid for arbitrary values of K and L. But
in the present study, we shall be restricting ourselves to the model of a second grade fluid [44]. Thus, we have
K ≥ 0, K + L = 0. (14)
Eq. (13) therefore, simplifies to
ϕ′′′ + 2ϕϕ′′ + 1− ϕ′2 − K(2ϕϕiv − 2ϕ′ϕ′′′ + ϕ′′2)+Mn(1− ϕ′) = 0. (15)
The boundary conditions (9) in terms of ϕ is given by
ϕ = 0, ϕ′ = 0, at ζ = 0,
ϕ′ → 1 as ζ →∞. (16)
2.2. Heat transfer analysis
Due to the temperature difference between the surface of the wall and the ambient fluid, heat transfer takes place. The
governing energy boundary layer equation with viscous dissipation, internal heat generation or absorption and the Joule
heating is given by,
ρcp

u
∂T
∂r
+ w∂T
∂z

= κ

∂2T
∂r2
+ 1
r
∂T
∂r
+ ∂
2T
∂z2

+ µ

2u2
r2
+ 2

∂u
∂r
2
+

∂u
∂z
2
+ 2∂w
∂r

∂u
∂z
+ ∂w
∂r

+ 2

∂w
∂z
2
+ Q (T − T∞)+ σB20u2, (17)
where T is the temperature of the fluid, cp is the specific heat at constant pressure, κ is the thermal conductivity of the fluid,
Q is the volumetric rate of heat generation and T∞ is the temperature of the fluid at infinity. The boundary conditions for
the above energy equation are
T = Tw at y = 0,
T → T∞ as y →∞. (18)
Assuming
T = Tw = T∞ + Ar2, (19)
where A is a constant, and defining the dimensionless temperature
θ(ζ ) = T − T∞
Tw − T∞ , (20)
the energy equation (17) becomes
θ ′′ + 4
Rr
θ + 2Prϕθ ′ − Pr(2ϕ′ − α)θ = −PrEc

ϕ′′2 + 12
Rr
ϕ′2 +Mnϕ′2

, (21)
where Pr = µcpκ is the laminar Prandtl number and Ec = U
2
cp(Tw−T∞) is the Eckert number and Rr = ar
2
ν
is the local Reynolds
number respectively. The boundary conditions (18) in terms of the non-dimensional temperature θ is given by
θ = 1 at ζ = 0,
θ → 0 as ζ →∞. (22)
3. Numerical solution of the problem
The system of non-linear equations (15) and (21) are solved numerically under the boundary conditions (16) and (22).
One can easily observe the paucity of the adherence boundary conditions due to the presence of the viscoelasticity in the
constitutive equation for the second grade fluid.
At large distances from the wall (ζ →∞) the velocity u(ζ ) passes over smoothly into that for inviscid flow U and using
Eq. (12) this leads to the condition ϕ′(∞) → 1. However, the condition that w should pass over to W as ζ → ∞ can no
longer be prescribed. In fact, from Eq. (12) it follows that
lim
ζ→∞(w −W ) = limζ→∞ 2
√
aν[ζ − ϕ(ζ )] ≠ 0. (23)
This is known as the ‘displacement effect ’ (see Ref. [45]), which is a typical boundary layer effect that vanishes with viscosity.
Due to this reason, we cannot augment an extra boundary condition corresponding to the axial velocity w at ζ →∞. The
issue of the unavailability of the full boundary conditions at infinitywas resolved by Garg and Rajagopal [31].While studying
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the two-dimensional stagnation point flow of a second grade fluid, they have augmented an extra boundary condition,
namely
ϕ′′(∞) = 0, (24)
which, in fact, is fully valid from the physical considerations. Indeed, it is used by Ariel [28], explicitly, in computing the two-
dimensional stagnation point flow of a second grade fluidwhen there is suction at thewall, and also implicitly, in computing
the flows of viscoelastic fluids due to a rotating disk (see Ref. [46]), and radial stretching of a sheet (see Ref. [47]). There is
no doubt that the use of condition (24) considerably simplifies the task of developing algorithms for computing the flows
of various non-Newtonian fluids due to the stretching sheet and near the stagnation point. In the present investigation,
the aforementioned system of non-linear equations (15) and (21) are solved under the boundary conditions (16) and (22)
by a second order numerical scheme even without augmenting any extra asymptotic boundary condition as described in
[27,48–50]. Instead, we make a reasonable assumption, namely, that all derivatives of ϕ are bounded at ζ = 0. This implies
that the stresses and their gradients remain bounded on thewall. With this assumption if we set ζ = 0 in Eq. (15), andmake
use of the initial boundary conditions in (16), we find
ϕ′′′(0) = −1+ Kϕ′′2(0)−Mn. (25)
Nowwith some initial guess for θ ′(0), we have as many boundary conditions as the order of the system of differential equa-
tions, providedwe assume the boundedness of the derivatives of ϕ at ζ = 0. It appears then, that if ϕ′′(0) is known, then the
systemof Eqs. (15) and (21) can be integrated forward by an appropriate integration routine. All one needs to do is to find the
suitable value of ϕ′′(0) and θ ′(0) so that the terminal boundary conditions arematched at infinity. In practice, however, such
a scheme is fraught with peril. A straightforward attempt to integrate by the classical Runge–Kutta method results into an
abject failure at the very first step of integration. In fact, there is a singularity at ζ = 0 in the ODE (15). Hence, in order to start
the numerical integration by the Runge–Kutta method, one has to employ some other technique for obtaining the solution
up to some value of ζ , say ζc , fromwhere the Runge–Kutta method can be applied. The value of ζc must be sufficiently large
to avoid problems of instability. As a result, if one employs the Taylor series expansion to obtain the solution in 0 ≤ ζ ≤ ζc , a
large number of terms will be needed to match the accuracy demanded by the Runge–Kutta method. While solving the sin-
gle momentum equation, Tiepel [22] took the expansion up to the ninth derivative in order to obtain the required accuracy.
Such an attempt is obviously quite unwieldy for the above system of non-linear differential equations (15) and (21).
With these draw backs in view, Ariel [24] has developed and successfully used (see Refs. [28,29]) a numerical technique
to solve the single momentum equation, the modified version of which has already been adopted in the previous
works [27,48–50]. In the present study also, we have used an improved version of the algorithm.
In accordance with philosophy of the algorithm we introduce
y1 = ϕ, y2 = ϕ′, y3 = ϕ′′ and y4 = θ. (26)
The system of Eqs. (15) and (21) in terms of the new variables can be written as
y′3 + 2y1y3 + 1− y22 − K(2y1y′′3 − 2y2y′3 + y23)+Mn(1− y2) = 0, (27)
y′′4 +
4
Rr
y4 + 2Pry1y′4 − Pr(2y2 − α)y4 = −PrEc

y23 +
12
Rr
y22 +Mny22

, (28)
y′2 = y3, (29)
y′1 = y2. (30)
The boundary conditions (16) and (22) become
y1(0) = 0, y2(0) = 0, y2 → 1 as y →∞,
y4(0) = 1, y4 → 0 as y →∞. (31)
We set up the mesh for ζ defined by
ζi = ih (i = 1, 2, . . . , n), (32)
where h is the mesh size and n is a sufficiently large number.
In Eqs. (27) and (28), we use the central difference formulas centered at the mesh point i, however, in Eqs. (29) and (30)
we use the same, but centered at the point (i + 12 ), and also use the average of the values of y at the mesh points i and
(i+ 1). This ensures that the discretization scheme has an accuracy of O(h2). As a result, the following difference equations
are obtained:
yj+13 − yj−13
2h
+ 2yj1yj3 + 1− (yj2)2 − K

2yj1

yj+13 − 2yj3 + yj−13
h2

− 2yj2

yj+13 − yj−13
2h

+ (yj3)2

+Mn(1− yj2) = 0, (33)
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yj+14 − 2yj4 + yj−14
h2
+ 4
Rr
yj4 + 2Pryj1

yj+14 − yj−14
2h

− Pr(2yj2 − α)yj4 + PrEc

(yj3)
2 + 12
Rr
(yj2)
2 +Mn(yj2)2

= 0, (34)
yj+12 − yj2
h
= 1
2
(yj3 + yj+13 ), (35)
yj+11 − yj1
h
= 1
2
(yj2 + yj+12 ). (36)
The boundary conditions (31) can be written as
y01 = 0, y02 = 0, yn2 = 1,
y04 = 1, yn4 = 0. (37)
Eqs. (33)–(36) can be solved explicitly for yj+13 , y
j+1
4 , y
j+1
2 and y
j+1
1 respectively. For instance, Eq. (33) can be rewritten as
yj+13 =

1− 2K

2yj1
h
− yj2
−1
1+ 2K

2yj1
h
+ yj2

yj−13 −

4hyj1 + 2K

4yj1
h
− hyj3

yj3
− 2h

1− (yj2)2 +Mn(1− yj2)

. (38)
As clearly pointed out in [50], as the integration proceeds the denominator changes sign from positive to negative and the
point where this transition occurs, the integration process breaks down. Hence, system (33)–(36) are integrated backwards
from infinity to the surface of the wall, i.e. Eqs. (33)–(36) are solved explicitly for yj−13 , y
j−1
4 , y
j−1
2 and y
j−1
1 respectively. It
is easy to see that in this case the coefficient of yj−13 is 1 + 2K( 2y
j
1
h + yj2) which is always positive in the entire range of
integration for a second grade fluid, for which K ≥ 0.
Eqs. (33) and (34) are three term recurrence relations in y3 and y4 respectively, whereas, Eqs. (35) and (36) are two-term
recurrence relations. Therefore, we need two starting values to start recursion in Eqs. (33) and (34), but one starting value
each for Eqs. (35) and (36). We already have the values of yn2 and y
n
4 from the boundary conditions (37). Therefore, we need
the values of yn3, y
n−1
3 , y
n−1
4 and y
n
1.
It is important to implement the recursion in a precise order. First the values of yn−12 and y
n−1
1 are obtained from Eqs. (35)
and (36) respectively, after making use of the values of yn3, y
n−1
3 , y
n
2 and y
n
1. Next the values at the level n− 2 are computed
as follows, first the value of y3, then those of y2 and y1 and finally that of y4. The cycle is repeated in this manner till the
values of yi are obtained at all the mesh points. The values of yn3, y
n−1
3 , y
n−1
4 and y
n
1 must be chosen such that the three initial
conditions in (37) are satisfied. Thus, we have at our hand a four parameter zero finding problem for whichwe have adopted
the most suitable Broyden method. In spite of good guesses of initial values, it still required 7 − 9 iterations to obtain an
accuracy of six significant digits.
4. Results and discussions
Themethod described abovewas translated into a FORTRAN90 program andwas run on a Pentium IV personal computer,
taking themesh size h = 0.05. The semi-infinite integration domain ζ ∈ [0,∞) is replaced by a finite domain ζ ∈ [0, ζ∞). In
practice, ζ∞ should be chosen sufficiently large so that the numerical solution closely approximates the terminal boundary
conditions. To see if the program runs correctly, the values of ϕ′′(0) are compared with (see Table 1) those reported by
Attia [35] for a viscous fluid (K = 0) and in absence of suction/injection velocity. The results are found to be in good
agreement.
Figs. 2 and 3 show the variations of the non-dimensional axial component of velocity ϕ(ζ ) with K and Mn respectively.
It is found that ϕ(ζ ) increases linearly with ζ for both K and Mn keeping constant. For a fixed position ζ , ϕ(ζ ) decreases
with K , but increases with Mn. Figs. 4 and 5 indicate the effects of K and Mn on the radial component of velocity ϕ′(ζ ).
From Fig. 4 it is clear that the introduction of viscoelasticity initiates the process of flattening the velocity profiles, i.e.
as K increases, the boundary layer thickness increases, requiring an increase in ζ∞ with K . This finding is in agreement
with that reported by Garg and Rajagopal [31] for the two-dimensional stagnation point flow, which closely resembles
with the present investigation. The value of ζ∞ = 10.0 is found to be adequate for all the cases shown in the figures,
however, for higher values of K , the numerical integrations are performed over substantially larger domain in order to
assure that the outer boundary conditions at ζ∞ are satisfied. One can see from Fig. 5 the formation of a boundary layer of
thicknessM−1n .
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Figs. 6 and 7 depict the variations of the non-dimensional temperature θ(ζ ) with K and Mn respectively for Rr = 40.0.
It can be readily seen that θ(ζ ) increases with an increase in K , but decreases with an increase inMn. This implies that the
thermal boundary layer thickness increases with an increase in K , but decreases with an increase in Mn. In all the cases
studied above, we did not find any oscillations in ϕ′(ζ ) as reported by Ariel [25,42].
The solution of the boundary layer equations is often used to determine the technically importantwall shear stress Trz |z=0.
For the dimensionless wall shear stress, we introduce the skin-friction coefficient, given by
Cf (r) = Trz |z=01
2ρU
2
. (39)
Using the expression for Trz from Eq. (7), and after simplification, the skin-friction coefficient becomes
Cf (r) = 2√
Rr
ϕ′′(0). (40)
It is apparent from Figs. 8 and 9 that, as was expected, the skin-friction coefficient, and hence, thewall shear stress decreases
rapidly with an increase in K , and increases linearly with an increase in Mn, keeping other flow parameters constant. It is
interesting to find that Cf (r) decreases at a much slower rate after K = 10.0. This observation is also in agreement with that
reported by Garg and Rajagopal [31]. The variation of the dimensionless surface temperature gradient θ ′(0) with different
flow parameters can be observed from Table 2. It is clear that for the stagnation point flow, as the viscoelasticity, K of the
fluid increases, the heat transfer rate decreases. On the other hand, the magnetic parameter enhances the heat transfer rate.
One can also observe that the increase of the Prandtl number Pr may also result in an increase in |θ ′(0)|. This situation is
more magnified when the Prandtl number is large, because the thermal boundary layer thickness δT will be compressed
due to the estimate δT ∼ 1√Pr . This results in an increase in the heat transfer rate. The increase in the Eckert number Ec
increases the thermal boundary layer thickness, and hence decreases the rate of heat transfer at the surface of the wall,
as is evident from the Table 2. It is apparent that the values of θ ′(0) are all negative for the range of parameters we have
considered in Table 2. Physically, this indicates that heat flow is always transferred from the wall to the ambient fluid.
Finally, it can be observed that the internal heat parameter α reduces the value of |θ ′(0)| resulting in a decrease in the heat
transfer rate.
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Fig. 2. Variation of ϕ with K atMn = 0.5.
Table 1
Variations with ϕ′′(0)withMn for K = 0.
Mn Current result Attia [35]
0 1.2739 1.2740
1 1.6144 1.6144
2 2.3645 2.3645
5 5.1551 5.1552
10 10.0781 10.078
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Fig. 3. Variation of ϕ withMn at K = 5.0.
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Fig. 4. Variation of ϕ′ with K atMn = 0.5.
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Fig. 5. Variation of ϕ′ withMn at K = 5.0.
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Fig. 6. Variation of θ with K atMn = 0.5, Pr = 1.0, Ec = 0.1 and α = 0.
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Fig. 7. Variation of θ withMn at K = 5.0, Pr = 1.0, Ec = 0.1 and α = 1.0.
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Fig. 8. Variation of Cf (r)with K atMn = 0.5.
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Fig. 9. Variation of Cf (r)withMn at K = 5.0.
Table 2
Variations of θ ′(0)with different flow parameters.
K Mn Pr Ec α θ ′(0)
1.0 −0.851313
3.0 1.0 1.0 0.1 0.0 −0.765094
5.0 −0.719231
0.5 −0.346787
1.0 1.5 1.0 0.05 1.0 −0.384773
2.5 −0.399078
1.0 −0.682945
2.0 1.0 2.0 0.05 0.3 −0.856071
3.0 −0.962322
0.0 −0.770054
3.0 1.0 1.0 0.5 0.1 −0.490644
1.0 −0.211234
−0.1 −0.875391
2.0 1.0 1.0 0.05 0.0 −0.829695
0.1 −0.782479
5. Conclusions
An efficient numerical technique has been adopted to solve the resulting systemof highly nonlinear differential equations
arising due to the axisymmetric stagnation point flow and heat transfer of a second grade fluid. It enables computation of the
flow and heat transfer characteristics for any value of the dimensionless flowparameters. The systemof difference equations
are integrated backward from infinity to the surface of the wall to avoid break down in the process of integration. Instead
of the Newton’s method, Broyden’s method has been used to reduce the computational time (CPU time) significantly. It is
found that the velocity profile is strongly dependent on the normal stress modulus K as well as the magnetic parameterMn.
An increase in K increases themomentum boundary layer and the thermal boundary layer thickness. On the other hand, the
magnetic interaction parameter Mn has an opposite effect on the velocity and thermal boundary layers. It is observed that
the skin-friction coefficient Cf (r) decreases rapidly with an increase in the viscoelasticity K of the fluid. However, the rate of
decrease of Cf (r) drops considerably as K increases beyond about 10.0. It is also found that an increase in the normal stress
coefficient K decreases the heat transfer rate at the surface of the wall, whereas, the magnetic parameterMn increases it.
Acknowledgments
The authors are thankful to the anonymous referees for their useful comments to improve the quality of the work.
References
[1] S. Baris, Steady three-dimensional flow of a second grade fluid towards a stagnation point at a moving flat plate, Doga Turk. J. Eng. Environ. Sci. 27
(2003) 21–29.
[2] K. Hiemenz, Die Grenzschicht an einem in den gleichförmigen Flüssigkeitsstrom eingetauchten geraden Kreiszylinder, Dingl. Polytech. J. 326 (1911)
321–410.
B. Sahoo, F. Labropulu / Computers and Mathematics with Applications 63 (2012) 1244–1255 1255
[3] S. Goldstein, Modern Developments in Fluid Dynamics, Oxford University Press, 1938.
[4] C.Y. Wang, Stagnation flows with slip: Exact solutions of the Navier–Stokes equations, Z. Angew. Math. Phys. 54 (2003) 184–189.
[5] F. Homann, Der Einflub grober Zähigkeit bei der Strömung um den Zylinder und um die Kugel, Z. Angew. Math. Phys. 16 (1936) 153–164.
[6] L. Howarth, On the calculation of the steady flow in the boundary layer near the surface of a cylinder in a stream, ARC-RM-1632, 1935.
[7] L. Howarth, The boundary layer in three-dimensional flow. Part-II: The flow near a stagnation point, Phil. Mag. VII 42 (1951) 1433–1440.
[8] A. Davey, Boundary layer flow at a saddle point of attachment, J. Fluid Mech. 10 (1961) 593–610.
[9] K.T. Yang, Unsteady laminar boundary layers in an incompressible stagnation flow, J. Appl. Mech. 25 (1958) 421–427.
[10] J.C. Williams, Nonsteady stagnation point flow, AIAA J. 6 (1968) 2417–2419.
[11] E.H.W. Cheng, M.N. Ozisik, J.C. William, Nonsteady three-dimensional stagnation point flow, J. Appl. Mech. 38 (1971) 282–287.
[12] C.Y. Wang, Axisymmetric stagnation flow towards a moving plate, AIChE J. 19 (1973) 1080–1081.
[13] P.A. Libby, Wall shear at a three-dimensional stagnation point with a moving wall, AIAA J. 12 (1974) 408–409.
[14] C.Y. Wang, Stagnation slip flow and heat transfer on a moving plate, Chem. Eng. Sci. 61 (2006) 7668–7672.
[15] A.C. Srivastava, The flow of a non-Newtonian liquid near a stagnation point, Z. Angew. Math. Phys. 9 (1958) 80–84.
[16] S.K. Sharma, Flow of a visco-elastic liquid near a stagnation point, J. Phys. Soc. Japan 14 (1959) 1421–1425.
[17] M.K. Jain, Flow of non-Newtonian liquid near a stagnation point with and without suction, J. Sci. Eng. Res. V (1961) 81–90.
[18] G.K. Rajeshwari, S.L. Rathna, Flow of a particular class of non-Newtonian visco-elastic and visco-inelastic fluid near a stagnation point, Z. Angew.Math.
Phys. 13 (1962) 43–57.
[19] D.W. Beard, K.Walters, Elastico-viscous boundary layer flows. I. Two-dimansional flow near a stagnation point, Proc. Cambridge Philos. Soc. 60 (1964)
667–674.
[20] M.H. Davies, A note on elastico-viscous boundary layer flows, Z. Angew. Math. Phys. 17 (1966) 189–191.
[21] R.W. Serth, Solution of a viscoelastic boundary layer equation by orthogonal collocation, J. Engrg. Math. 8 (1974) 89–92.
[22] I. Teipel, Die räumliche Staupunktströmung für ein viskoelastisches fluid, Rheol. Acta 25 (1986) 75–79.
[23] P.D. Ariel, Computation of flow of viscoelastic fluids by parameter differentiation, Internat. J. Numer. Methods Fluids 15 (1992) 1295–1312.
[24] P.D. Ariel, A hybrid method for computing the flow of viscoelastic fluids, Internat. J. Numer. Methods Fluids 14 (1992) 757–774.
[25] P.D. Ariel, A new finite-difference algorithm for computing the boundary layer flow of viscoelastic fluids in hydromagnetics, Comput. Methods Appl.
Mech. Engrg. 124 (1995) 1–13.
[26] B. Santra, B.S. Dandapat, H.I. Andersson, Axisymmetric stagnation point flow over a lubricated surface, Acta Mech. 194 (2007) 1–10.
[27] B. Sahoo, Hiemenz flow and heat transfer of a third grade fluid, Commun. Nonlinear Sci. Numer. Simul. 14 (2009) 811–826.
[28] P.D. Ariel, A numerical algorithm for computing the stagnation point flow of a second grade fluid with/without suction, J. Appl. Math. Comput. 59
(1995) 9–24.
[29] P.D. Ariel, On extra boundary condition in the stagnation point flow of a second grade fluid, Internat. J. Engrg. Sci. 40 (2002) 145–162.
[30] F. Labropulu, I. Husain, M. Chinichian, Stagnation-point flow of the Walters’ B fluid with slip, Int. J. Math. Math. Sci. 61 (2004) 3249–3258.
[31] V.K. Garg, K.R. Rajagopal, Stagnation point flow of a non-Newtonian fluid, Mech. Res. Comm. 17 (6) (1990) 415–421.
[32] S. Baris, M.S. Dokuz, Three dimensional stagnation point flow of a second grade fluid towards a moving plate, Internat. J. Engrg. Sci. 44 (2006) 49–58.
[33] P.D. Ariel, Stagnation point flow of a viscoelastic fluid towards a moving plate, Internat. J. Engrg. Sci. 33 (1995) 1679–1687.
[34] M. Renardy, Viscoelastic stagnation point flow in a wake, J. Non-Newton. Fluid Mech. 138 (2006) 206–208.
[35] H.A. Attia, Homann magnetic flow and heat transfer with uniform suction or injection, Can. J. Phys. 81 (10) (2003) 1223–1230.
[36] T.Y. Na, Computational Methods in Engineering Boundary Value Problems, Academic Press, New York, 1979.
[37] P.D. Ariel, Hiemenz flow in hydromagnetics, Acta Mech. 103 (1994) 31–43.
[38] P.R. Nachtsheim, P. Swigert, Satisfaction of asymptotic boundary conditions in numerical solution of systems of non-linear equations of the boundary
layer type, in: NASA TN D 3004, 1965.
[39] H.G. Sharma, Axially symmetric flow of a second order fluid near a stagnation point with uniform high suction, Indian J. Pure Appl. Math. 4 (1973)
103–121.
[40] I. Teipel, Stagnation point flow of a non-Newtonian second order fluid, Trans. CSME 12 (1988) 57–61.
[41] P.D. Ariel, Three dimensional stagnation point flow of a viscoelastic fluid, Mech. Res. Comm. 21 (1994) 389–396.
[42] P.D. Ariel, Analysis of axisymmetric flow of a second order fluid near a stagnation point, Trans. CSME 25 (2001) 125–135.
[43] J. Wang, D.D. Joseph, Potential flow of a second-order fluid over a sphere or an ellipse, J. Fluid Mech. 511 (2004) 201–215.
[44] J.E. Dunn, K.R. Rajagopal, Fluids of differential type: Critical review and thermodynamic analysis, Internat. J. Engrg. Sci. 33 (1995) 689–729.
[45] H. Schlichting, K. Gersten, Boundary Layer Theory, eighth ed., Springer-Verlag, 2001.
[46] P.D. Ariel, Computation of flow of a second grade fluid near a rotating disk, Internat. J. Engrg. Sci. 35 (1997) 1335–1357.
[47] P.D. Ariel, Axisymmetric flow of a second grade fluid past a stretching sheet, Internat. J. Engrg. Sci. 39 (2001) 529–553.
[48] B. Sahoo, Y. Do, Effects of slip on sheet-driven flow and heat transfer of a third grade fluid past a stretching sheet, Int. Commun. Heat Mass Transfer
37 (2010) 1064–1071.
[49] B. Sahoo, Flow and heat transfer of an electrically conducting third grade fluid past an infinite plate with partial slip, Meccanica 45 (2010) 319–330.
[50] B. Sahoo, Effects of partial slip on axisymmetric flow of an electrically conducting viscoelastic fluid past a stretching sheet, Cent. Eur. J. Phys. 8 (2009)
498–508.
